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PROJECTIVE RESOLUTIONS AND
POINCARE DUALITY COMPLEXES

D. J. BENSON AND JON F. CARLSON

ABSTRACT. Let k be a field lof characteristic p > 0 and let G be a finite group.
We investigate the structure of the cohomology ring H*(G, k) in relation to
certain spectral sequences determined by systems of homogeneous parameters
for the cohomology ring. Each system of homogeneous parameters is associated
to a complex of projective kG-modules which is homotopically equivalent to
a Poincaré duality complex. The initial differentials in the hypercohomology
spectral sequence of the complex are multiplications by the parameters, while
the higher differentials are matric Massey products. If the cohomology ring is
Cohen-Macaulay, then the duality of the complex assures that the Poincaré se-
ries for the cohomology satisfies a certain functional equation. The structure
of the complex also implies the existence of cohomology classes which are in
relatively large degrees but are not in the ideal generated by the parameters. We
consider several other questions concerned with the minimal projective resolu-
tions and the convergence of the spectral sequence.

1. INTRODUCTION

For a finite dimensional algebra 4, any finitely generated module is built
from simple modules by a process of extensions. The process is regulated by a
set of rules which are peculiar to the algebra. In general the rules can be very
subtle and difficult to express in simple terms. Yet, they are recorded completely
in any of several structures associated to the algebra and its module category.
Three such structures are the form and constitution of the projective modules,
the minimal projective resolutions of the simple modules, and the collection of
extension groups Ext”; between simple modules, together with the (Yoneda and
Massey) product information. Of course, there may be difficulties translating
from one structure to another. It may not be easy to construct projective resolu-
tions even with full knowledge of the projective modules. Each of the structures
has both advantages and disadvantages with respect to problems such as com-
putability and interpretation of information. However, it is certainly true that
each of these structures, if understood thoroughly, would provide a complete
picture of the module theory for the algebra.

Each of the structures mentioned above has been studied extensively for many
individual algebras and classes of algebras. We are particularly interested in
group algebras of finite groups. In this case, the amount of information needed
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to generate the structures is finite in the following sense. If k is a field of char-
acteristic p and G is a finite group then a theorem of Evens [13] says that the
cohomology ring H*(G, k) is a finitely generated k-algebra. Also if M is a
finitely generated kG-module then H*(G, M) is finitely generated as a module
over H*(G, k). From this it can be deduced that the minimal projective resolu-
tion of M has a polynomial growth rate. But what do the minimal resolutions
look like? How much information is really needed to generate them?

Although the subject of this paper is the cohomology rings of finite groups,
the roots and motivation lie firmly within the area of representation theory, and
in particular the attempt to understand minimal resolutions. The study grew
out of the authors’ work in [3] and [4], where the idea of using a homogeneous
set of parameters to define filtrations on projective resolutions was first devel-
oped. In [4] we showed any module has a projective resolution which has the
minimal polynomial growth rate, and which is formed by repeatedly splicing
together certain finite complexes which are defined by the parameters. However,
in general the resulting resolutions are not minimal, and we are left with the
problem of understanding to what extent projectives may be stripped away to
yield a smaller resolution. In §9 of [3], we answered this question for groups
of p-rank two, provided certain conditions on the chain maps induced by the
parameters are satisfied.

The primary purpose is to set up a framework for dealing with this problem
in general. At present, we should honestly state that we open up more questions
than we answer, but the theory shows some promise in that several extensions
of the results have been obtained since the original manuscript for this paper
was written. The study revolves around the investigation of finite complexes
associated to systems of parameters in the cohomology ring. Each complex
consists only of finitely generated projective modules, and is zero in all but a
finite number of degrees. The complexes satisfy a Poincaré duality, and seem to
encode an enormous amount of information about minimal resolutions, and in
particular about the behaviour of the cohomology ring H*(G, k). We see, for
example, that most finitely generated k-algebras cannot possibly be cohomology
rings of finite groups. Although we work largely with coefficients in a field of
characteristic p, the reader should notice that, with some modification, many
of the techniques and results are applicable to the more general situation of
cohomology with other coefficients.

After some generalities on chain complexes in §2, we introduce the finite
complex associated to a system of parameters in §3. Using hypercohomology, we
give a new proof in §4 of the basic result of [4], which states that the complexes
consist of projective modules. Each complex looks homologically like a product
of spheres with a free G-action. This analogy is taken further in §5, where
we prove the Poincaré duality with respect to the top homology class. We
pass from information about the finite eomplex to information about minimal
resolutions and cohomology by using the hypercohomology spectral sequence.
This is explained in §4, where we also determine enough about the differentials
in the sequence to begin to understand what is happening (Theorem 5.5).

There is one case in which we do obtain very striking and easily statable
results. This is for groups whose cohomology rings are Cohen-Macaulay. Sec-
tion 6 is devoted to this case, and among other things we prove the following.
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Theorem 1.1. Suppose that H*(G, k) is a Cohen-Macaulay ring. Let r be
the p-rank of G, which by a theorem of Quillen [21] is equal to the Krull di-
mension of H*(G, k). So we may choose a homogeneous set of parameters
C1y..., ¢ (ie, H*(G, k) is a finitely generated algebra over the polynomial
subring k[Cy, ..., {]) with deg({;) > 2. Then the quotient

HY G, k)/(Cys -5 &)

satisfies Poincaré duality in formal dimension s = Y ;_ (deg((;) — 1). More-
over, the Poincaré series Pi(t) = 3,50t dimy H(G, k), regarded as a rational
function of t, satisfies the functional equation

P(1/t) = (=)' DR ().

One interpretation of this theorem is that the minimal projective resolution
for the trivial module can be constructed by splicing together copies of the finite
complex mentioned above.

Groups with abelian Sylow p-subgroups have cohomology rings which are
Cohen-Macaulay. It also happens for some other groups. However it is impor-
tant to realise that this is far from the generic case. Consider, for example, the
following.

Proposition 1.2. If a finite group G has maximal elementary abelian p-groups
of different ranks, then H*(G, k) is not Cohen-Macaulay.

Hence, in the defining characteristic, the cohomology ring of a finite group
of Lie type is usually not Cohen-Macaulay. The proof of the proposition fol-
lows easily from Quillen’s Dimension Theorem [21], which asserts that the ir-
reducible components of the maximal ideal spectrum of H*(G, k) are in one-
one correspondence with the conjugacy classes of maximal elementary abelian
p-subgroups of G, and that the dimension of each component is equal to the
rank of the corresponding subgroup. The proof is completed by recalling that for
a ring to be Cohen—-Macaulay it is necessary for the components of the maximal
ideal spectrum all to have the same dimension (see for example Matsumura [17,
Theorem 17.3]). We should notice further that the converse of the proposition
is false. Counterexamples include the semidihedral 2-groups (p = 2), and the
extraspecial groups of order p3 and exponent p? (for p odd).

Another interpretation of Theorem 1.1 is that if H*(G, k) is a Cohen-
Macaulay ring, then it is a Gorenstein ring (see Stanley [27, Theorem 5.5]).
This is true not just in the usual (ungraded) sense, but in the sense that with the
appropriate degree conventions, the canonical module is isomorphic to the ring
as a graded module. Thus, for example, a polynomial ring is only Gorenstein
in the graded sense if the generators are in degree one (cf. Corollary 6.6).

In the general case, where H*(G, k) is not necessarily Cohen-Macaulay,
we can use the fact that the cohomology of an elementary abelian subgroup is
Cohen-Macaulay to show that at least some part of the finite complex is visible
in the cohomology of the group; namely the element of largest dimension. We
call this element the last survivor. In §7, we prove the following theorem.

Theorem 1.3. If {y, ... , {, is an irredundant homogeneous set of parameters for
H*(G, k) with deg({;) = n; > 2, then the quotient H*(G, k)/({1, ... , ) by
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the ideal generated by (y, ... , {, has a nonzero element in degreey;_,(n; —1).
This element is a transfer from an elementary abelian subgroup.

To return to the representation theory, in §8 we show how to pass from a
complex of projectives to a filtration on a projective module. In the case of the
complexes introduced in §4, the E, term of the spectral sequence associated
to this filtration is the Koszul complex. A distillation of the philosophy of the
paper is expressed in this section.

Section 9 discusses some structural questions suggested by our constructions.
We discuss to what extent projective modules may be eliminated from one
version of the complexes described in §4. If the questions have a positive answer,
then the Poincaré series of the cohomology ring is given by a formula described
at the end of the section. There is one situation in which these questions have a
positive answer, which is formulated in the notion of a quasi-regular sequence
in §10.

Finally, in §11 we show how certain secondary operations expressed in terms
of matric Massey products are related to the differentials in the spectral sequence
of §4.

2. CHAIN COMPLEXES AND HYPERCOHOMOLOGY

In this section we develop some generalities concerning chain complexes over
finite groups. Most of the results in the section are known in some sense, and
those that are not can be easily derived. However the notation and statements
of the results are very important for the sections which follow.

Suppose R is a commutative ring of coefficients and C and D are chain
complexes of left R-modules, with differentials of degree —1. We define a new
chain complex Hompg(C, D) with

Homg(C, D), = @) Homg(C;, D;)
i+n=j
with differential
On: Homg(C, D), — Homg(C, D),

defined so that
9j(f(x)) = (Onf)(x) + (=1)" f(8:(x))
for f € Homg(C;, Dj). In other words, 9, is defined by

0nf)(x) = 0;(f(x)) - (=1)"f(8i(x))-

This may be expressed by writing 8 f = [0, f]. With this definition, an element
f € Homg(C, D)y is a map of chain complexes if and only if f is a cycle
(0f = 0). Moreover, f and g are homotopic if and only if f— g isa
boundary.

If M isaleft R-module, we write M[r] for the chain complex consisting of
M in degree n and zero elsewhere. We also write M for the complex M[0]
consisting of M in degree 0 and zero elsewhere. If C is a chain complex of left
R-modules, we write C[n] for R[n]®g C. Namely we have (C[n])i+n = (C);.
Note that the differential in C[n] is (—1)" times the differential in C.
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The dual of C is the chain complex Homgz(C, R). Note that the differen-
tial on the dual is given by (8,1)(x) = (—=1)*"1f(6_ns+1(x)). With these sign
conventions, evaluation is a map of chain complexes

Homg(C, R) ®rC — R, fe®xm f(x).

Finally, we regard chain complexes and cochain complexes as being the same
thing. Namely, if (C,, 8,) is a chain complex, then setting C" = C_, and
0" = d_, , we have a cochain complex (C", 6"). In the end, whether we regard
a particular complex as a chain complex or a cochain complex often depends
on where it came from.

We now discuss Ext for chain complexes. This is sometimes also called
hypercohomology; see for example Cartan and Eilenberg [9].

Definition 2.1. Suppose that C is a chain complex of left RG-modules, bounded
below. Then a projective resolution of C is a chain complex P of projective left
RG-modules, bounded below, together with a map of chain complexes P — C
which is an isomorphism on homology.

Note that in the case C = M is a module concentrated in degree zero, this
agrees. with the usual definition of a projective resolution of a module. Exis-
tence of projective resolutions is easy to prove inductively using the definition
of projective modules. Alternatively, one may tensor C with a projective reso-
lution of the trivial RG-module R. The usual comparison theorem holds for
projective resolutions of chain complexes. If R is a field (or more generally a
local ring) then minimal resolutions exist and are unique, in the following sense.
The resolution, as a complex of RG-modules, is uniquely determined, but the
augmentation map P — C is only unique up to homotopy. Minimal resolutions
are characterised by the property that the image of each term is contained in
the radical of the next.

If D is another chain complex of left RG-modules, bounded above, we may
define

Extk;(C, D) = H"(Homgg(P, D)).
(Note that we are regarding this chain complex as a cochain complex by negating
the degrees.) If I is an injective resolution of D (defined dually to the above
definition) then
Homg(P, D) — Homg(P, I) — Homg(C, I)
are homotopy equivalences, and so

Exti(C, D) = H"(Homgg(C, I)).

We write H"(G, C) for Extz;(R, C). Note that

Ext’(C, D) = H"(G, Homg(C, D)).
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If D is bounded (i.e., bounded both above and below), then maps from P to
D may be lifted to maps to a projective resolution of D. So if E is bounded
above, then composition of maps in Hom gives rise to Yoneda composition

Extzs(D, E) ® Extzs(C, D) — Extzs(C, E),

which agrees with the usual Yoneda composition in case C, D and E are
modules concentrated in degree zero. Indeed, this was part of the original
motivation for the definition of the derived category, which is really what we
are using in disguise (see [11, Appendix 1]).

The tensor product map

Hompg(C, D) ® Homgg(C', D') —» Homgg(C® C', D D')
gives rise to a cup product map
Extx;(C, D) ® Extg;(C', D) - Extze(CC', D D'),
fenmLun.

For convenience of notation, we sometimes also denote the cup product by
juxtaposition.

Lemma 2.2. If { € Extg;(C, D), n € Extys(C', D’) then the cup product
{UneExtzg"(CeC',DRD)
is equal to the Yoneda composite of
{®idp € Extg;(Co D', DR D')
and

ide ®n € Extjs(Co C', Co D).

Proof. This follows easily from the corresponding (obvious) statement at the
level of Hom. O

Since tensor products are graded commutative, so are cup products, in the

sense that the following diagram commutes.

Ext;(C, D) ® Extis(C', D) — Extxi"(CoC',DeD’)

1= |

Extgs(C', D) ® Extgs(C, D) — Extgi"(C’'®C, D' ® D)
But in general Yoneda products are not graded commutative. So Extz;(C, C)
is in general a noncommutative graded ring and a module over the graded com-
mutative ring H*(G, R) = Extzs(R, R).

Regarding Homgg(C, I) as a double complex, we obtain a spectral sequence,
called the hypercohomology spectral sequence

(2.3) E$? = Ext} .(H,(C), D) = Ext;*(C, D).

Similarly, regarding Hompgg(P, D) as a double complex, we have a spectral
sequence

E§? = Exth(C, H_4(D)) = Exthe!(C, D).
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Theorem 2.4. Suppose that C and D are chain complexes of left RG-modules.
If Homg(C, D) is a Noetherian R-module (and hence nonzero in only finitely
many degrees) then Extgq(C, D) is Noetherian as a module over H*(G, R) .

Proof. The proof given in Evens [13] for modules generalises directly to chain
complexes. O

Corollary 2.5. If R is a commutative Noetherian ring, and C and D are com-
plexes of left RG-modules, each finitely generated as an R-module, then the ring
Extrs(C, C) is a finitely generated R-algebra, and Extyp;(C, D) is a finitely
generated Exty;(C, C)-module.

Proof. 1t is a finitely generated module over the finitely generated R-algebra
H*(G, R), and the products are compatible by Lemma 2.2. o

Proposition 2.6. Suppose that k is a field and C has finite total dimension over
k. If Exty(C, C) =0 for all n sufficiently large, then C has a finite projective
resolution.

Proof. If D is another complex of finite total dimension over k, then by
Lemma 2.2 the action of H*(G, k) on Ext;;(C, D) factors as the map

H*(G, k) = Ext}g(k, k) — Ext}c(C, C)

followed by Yoneda composition. Since Ext,;(C, D) is finitely generated as
a module over H*(G, k) by Theorem 2.4, it is finitely generated as a module
over Ext;;(C, C). The latter has finite total dimension by the hypothesis, and
so Ext;;(C, D) =0 for all n sufficiently large.

Now let P be the minimal resolution of C. Then for each simple kG-module
S,

Ext;;(C, S) = Homyg(P,, S)

is nonzero for only finitely many ». It follows that P, = 0 for all but finitely
many n. O

3. FROM PARAMETERS TO COMPLEXES

In [4], we introduced a construction for projective resolutions using as the
basic building block a certain finite complex of projective modules. These com-
plexes and others, which can be similarly derived, are the main focus of the pa-
per. We present here a summary of the construction and introduce some ideas
and notations which are needed later. The proof we gave that the modules in
the complexes are projective used the machinery of varieties for modules, and
in particular depended on theorems of Quillen [21]. In §4 we give an alternative
proof avoiding this machinery.

The construction goes as follows. Suppose { € H(G,R) = ExtRG(R R)
with n > 2. We choose a cocycle { : Q"R — R representing {, where Q"R is
the nth kernel in a projective resolution P of R as an RG-module. By making
P large enough, we may assume ( is surjective. We denote its kernel by L,
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and form the pushout diagram

0 0
l l
L, = L,
! |
0- Q'R — P,_, - P,y —-+--o> Pb - R =0
1 | ! ! [
0- R —- P, J/L - Py —--+—> P —- R -0
| 1
0 0

The bottom row of this diagram is an n-fold extension representing the element
{ € Extgg(R, R). We denote by C; the chain complex

0= P /Ly = Pry—---—P—0
formed by truncating the bottom row of this diagram. Thus we have

~JR ifi=0,n-1,
Hi(Co) = {0 otherwise.
We write { for the generator of degree n— 1, and 1 for the generator of degree
ZEro.

The reason why we demand that deg({) > 2 is that if deg({) =1 then C; is
a complex consisting of a single module in degree zero, which is the extension
of R by R corresponding to (.

The complex C; should be thought of as a sort of algebraic analogue of a
sphere with G-action, with { being the transgression of the fundamental class
of the sphere.

We also write CE°°) for the chain complex

o PP P /Lo P2— > P PR—0

obtained by splicing together infinitely many copies of C; in positive degree.
It is an exact complex except in degree zero, where the homology is R. This is
the complex used in [4].

Lemma 3.1. Suppose that D is a bounded chain complex of RG-modules. In
the two-row spectral sequence

E?({) = Exth(Hy(Cy), D) = Extid (C; , D)

the differential d, is given by

dn(a.f) = .l € EP*"0(0) = HP*"(G, D).
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Proof. We first remark that since H,(C;) = R if ¢ =0 or n—1 and is zero
elsewhere, we have

HP(G,D) ifg=0o0rn-1,
Pq —
B¢ = {0 otherwise.

So the only possible nonzero differential is d, .
The differential d, may be obtained as follows. We have a short exact se-
quence of chain complexes

0—C; =€ = Cn -0,

where [n] indicates degree shift. If P is a projective resolution of R as an
RG-module then we have a short exact sequence

0-P8C;—~PoC™ - PoC™[n -0
and hence a short exact sequence of cochain complexes

0— Homgg(P ® C{™ , D)[~n] —» Homgg(P ® C™, D)
— Hompgg(P ® C;, D)—0.

Now P ® C(COO) is again a projective resolution of R as an RG-module, so
the long exact sequence in cohomology of this short exact sequence of cochain
complexes is

.+ = Exth (C;, D) —» H™"(G, D) %4 H'(G, D) — Extly(C;, D) — ---
RG \~¢ RG\“{

This is the long exact sequence associated to the above two-row spectral se-
quence, and so the marked homomorphism is dj, .

To identify this map as multiplication by {, we argue as follows. In general,
multiplication by { may be thought of in the following way. A cocycle repre-
senting the element { lifts to a map of projective resolutions P — P[n]. If
a € H'~"(G, D) is represented by a chain map P — D[r — n] then the product
a.{ is represented by shifting and composing

P — P[n] — D[r].
So all we need check is that the map of resolutions
P®Cy™ - P®Cyn]
given above represents the element { in cohomology. But this follows from the
diagram

el (P®C(COO))" N (P®C(Coo))n—l N (P®C(COO))0 S R -0
!
oo (PRCYY) ! ! !

!
0 - R - Py —---— Py - R -0

since the bottom row is an exact sequence representing {. O
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Remark 3.2. There is a way of rewriting the above two-row spectral sequence in
such a way that the two rows are adjacent and the differentials are unchanged.
Namely, we replace the complex C; by the truncated complex

BC: 0— Pn—l/LC - Pn—2 -0
whose homology is k in degree one and Q"~2k in degree zero.

If ¢,...,¢ € H*(G, R) are homogeneous elements of degree > 2, then
we form the complex C = C;, ® --- ® C;, . The Kiinneth formula shows that
H,(C) has a basis consisting of elements of the form x; ® - - - ® x, where each Xx;
is equal to either 1 or {;. We also write {; fortheelement 1®---®¢;® - ® 1
of H,(C). The complex C and the related complex B =B, ® --- ® B;, (see
§8) are among the principal objects of study of this paper.

We are particularly interested in this construction in the following situation.
If R is Noetherian and D is a bounded chain complex of finitely generated
RG-modules, then by Theorem 2.4, H*(G, D) is a Noetherian module for
H*(G, R). We say thatelements {;, ... , {, € H*(G, R) form a homogeneous
set of parameters (h.s.o.p.) for H*(G, D) if H*(G, D) is Noetherian as a
module for the subring of H*(G, R) generated by {;,... ,{,. Incase D=R,
we simply speak of an h.s.o.p. for H*(G, R).

In case R = k is a field, the number r of parameters is at least the Krull
dimension of the H*(G, k)-module H*(G, D). Equality holds if and only
if {;,..., {, generate a polynomial subring k[{;, ... , {,] of the quotient of
H*(G, k) by the annihilator of H*(G, D). In this case, we say that {;, ... , {,
form an irredundent h.s.o.p. The Noether normalisation lemma for Noetherian
graded modules over a finitely generated commutative k-algebra says that an
irredundent h.s.o.p. always exists. Geometrically, it is the same as saying that
the homogeneous hypersurfaces V;({;) defined by the {; in the maximal ideal
spectrum Vg = maxH®°*(G, k) intersect in the origin, and the number of
hypersurfaces is exactly equal to the dimension of V.

The reader should beware at this stage that most texts on commutative alge-
bra assume strict commutativity. xy = yx . In our situation we have the sign
conventions xy = (—1)de&x)deg¥)yx  One can check that the usual theorems
of commutative algebra are also true in this situation after trivial alterations to
the proofs.

4. THE HYPERCOHOMOLOGY SPECTRAL SEQUENCE

Let {;,...,¢{ be an hs.o.p. for H*(G, k) with deg({;)) = n; > 2. We
assume for convenience that the n; are even if p is odd, since in this case
elements of odd degree square to zero. We set C=Cy, ® --- ® C¢, as in the last
section.

Suppose that D is a bounded chain complex of finitely generated kG-
modules. Then from (2.3) we have a hypercohomology spectral sequence

E%? = Extf -(H,(C), D) = Ext{ 7 (C, D).

In this spectral sequence, the E, page is a tensor product
E}? = HP(G, D) ® H(Homy(C, k))
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and H*(Homy(C, k)) is an exterior algebra A*({,, ..., ) on classes {; of
degree n; — 1.

It should be remarked that in many cases the spectral sequence admits a
product structure. Suppose that the complex C admits a diagonal approxima-
tion C —» C® C. There is always a diagonal approximation on a projective
resolution of k. Hence the spectral sequence with D = k (concentrated in
degree zero)

HP(G, k) ® H(Hom,(C, k)) = H?*?(Hom;s(C, k))
has a ring structure over which the spectral sequence
HP(G, D) ® HY(Hom,(C, k)) = H?*Y(Hom,;(C, D))

is a module.

In §5 it is shown that C satisfies Poincaré duality of formal dimension s =
Yoii(ni — 1), so that instead of using C; we may use Homy(C,, k)[n; — 1].
This turns out to be more convenient from the point of view of the diagonal
approximation. This is because while C;, usually does not admit a diagonal
approximation, it was shown in [7] that Homy(Cy,, k)[n; — 1] admits a diag-
onal approximation for which the augmentation is a counit if and only if {;
annihilates Extyg(L¢,, L;,). By tensoring and using Poincaré duality, we ob-
tain a diagonal approximation C — C® C. It is also shown in [7] that as long
as p is odd, {; always annihilates Extys(L¢,, L;,), so that the above spectral
sequences have a multiplicative structure. For p = 2, the situation is less clear.

Now we can use the maps of spectral sequences

E} (L) = Extpo(Hy(Cy), k) = Extg'(Cy, k)

! !
EY = Ext} (Hy(C), k) = Ext{ed(C, k)

to see, using Lemma 3.1, that d,,,.(f,-) ={; in E;*. In the case where the spec-
tral sequence has a multiplicative structure, this determines the differentials on
all elements of E%*, and shows that the spectral sequence is a sort of staggered
version of the Koszul complex, together with possibly some further differen-
tials. See Serre [25, Chapter IV], Matsumura [17, §16], or Carlson [8, §2] for
discussions of the Koszul complex. We may make this into an actual Koszul
complex without any staggering by using Remark 3.2. Namely, instead of C
we use the complex B = B;, ® ---® B, . In this case, we have {; € E;*! and

dy(&;) = i € E;*°, so that in this case

EyJ = Torf“\(R, H*(G, R)).

In particular, if H*(G, R)/({;, ... , {;) is a finitely generated R-module then
E3* is also a finitely generated R-module and hence so also is E}} . See §8 for
more details.

Even when a spectral sequence such as given above does not have a multi-
plicative structure, it still has the structure of an H*(G, k)-module, and much
of the same information can be obtained about the differentials by considering
maps of spectral sequences as follows. Suppose as above that D is a bounded
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chain complex of RG-modules. Then we have maps of spectral sequences

E¥ = Ext? .(H,(C), D) = Ext?t4(C, D)
7 1
E (s v s Gi) =Extj(Hy(Cy, ® - ®Cy, ), D)=Exti i (Cy, ®---® Cy, , D)
1 !
EPTHL) = Extig(H,_(Cg),D) = Ext}¢?(C;, , D)

(where ¢ = E;;}(nij —1)). They are derived from the maps of complexes
C- CC:‘, Q- ® CC:‘, - CC,',[Z]-

We deduce from this that if o.f; ... ; survives to E,, then the coeficient of
Cip oo Cipy in dp (a8, ... C;,) is alj, , with the appropriate sign, as required.

Theorem 4.1. Suppose that R is a field, or the ring of integers in an algebraic
number field, or one of its localisations or completions. If {,...,{, is an
h.s.o.p. for H*(G, R) with deg({;) = n; > 2, then the tensor product

C= ®CC.~
i=1

of the above complexes is a bounded complex of projective modules.

Proof. Since the tensor product of any module with a projective module is
projective, all the modules in C except possibly ®;_, P,,—1/L;, = Cs, s =
Y- (n; — 1), are projective. The latter is at least projective as an R-module.
By [10, Theorem 78.1], it suffices to prove the theorem in case R = k is a field.
Since kG is self-injective, it is enough to demonstrate that C has a finite projec-
tive resolution. So by Proposition 2.6 it suffices to prove that Exty;(C, C) =0
for n sufficiently large.

We start by showing that Ext;;(C, k) = 0 for n sufficiently large. Consider
the spectral sequence

E}? = Ext} ;(H,(C), k) = Ext?}(C, k).

The map C — C;, given by using the augmentation C;; — k for j # i gives
rise to a map of spectral sequences to the above spectral sequence from

EP9((;) = Extl o (Hy(Cyp,) , k) = EXZH(Cy,, k).

The latter spectral sequence was examined in Lemma 3.1, where it was shown
that the differential d,, is given by d,,,.(a.&) = a.{;. It follows that the same
formula holds in the original spectral sequence E7?.

Now E3* is finitely generated as a module over E;O ~ H*(G, k) by ba-
sis elements in E9* (which is dual to H,(C)). Since the differentials are
E;‘O-module homomorphisms, it follows that EX* is also finitely generated
as a module over E;O. The discussion preceding the theorem shows that
$1,..., ¢ actaszeroon EX, and so EX is finitely generated as a module
over H*(G, k)/({1, ... , &) . Since H*(G, k) is finitely generated as a module
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over the subring generated by {;, ... , {,, the quotient by the ideal generated
by {1, ..., is finite dimensional. It follows that E** is finite dimensional,
and therefore so is Exti;(C, k). .

Finally, the spectral sequence
Ext} (C, H_4(C)) = Extﬁ’&“(C, C)

has as its E, term a finite number of nonzero rows each isomorphic to
Ext;;(C, k). Thus the E, term is finite dimensional, and so is Ext;(C, C).
This completes the proof. o

More generally, we have the following.

Theorem 4.2. Suppose that R is a field, or the ring of integers in an algebraic
number field, or one of its localisations or completions. Suppose that D is a
bounded complex of finitely generated RG-modules, and {,, ... , {, € H*(G, R)
form an h.s.o.p. for Extgre(D, D) with deg({;) = n; > 2. Then letting C =
®:_; C;,, the complex C® D is homotopy equivalent to a bounded complex of
finitely generated projective modules. In particular, if D = M([n] is a module
concentrated in a single degree, then C ® D is a bounded complex of finitely
generated projective modules.

Proof. This theorem is proved in the same way as before. That is, we get it by
reducing to the case where R = k is a field, and using the spectral sequences

Ext} -(H,(C),D*®D) = Extﬁg"(C, D* ® D)
Il Il
Ext! -(H,(C)®D,D) = Extﬁg" (Ce®D, D)
and
Ext? (CeD®D*, H,(C)) = Ext{/(CeD®D*,C)
Il Il
Ext};(C@®D, H.,(C)®D) = Ext;/(Ce®D,C®D). o
The following is in a similar vein, and will be used in §10.

Theorem 4.3. Suppose that k is a field, D is a bounded complex of finitely gen-
erated kG-modules, and (,, ... , {, is an h.s.o.p. for H*(G, D) with deg({;) =
n; > 2. Then letting C = ®;_, C¢,, we have

H*(G,L®---® L, ® D) = Ext;;(C, D) =0,
where L; is the cokernel of the injective map Q" () 1k — Q"i(k).
Proof. Tt follows as in the last two theorems from the spectral sequence
Ext,‘;G(H,,(C), D) > Exti*(’;"(C, D)

that Exty;(C, D) is nonzero in only finitely many degrees. Therefore, as in [5]
Theorem 1.1, Ext;;(C, D) = 0. Since Q(L;) is the only nonprojective module
in the complex C; , and H*(G,C*®D) = Exty;(C, D) = 0, it follows that
H(G,Li®---®L,®D)=0. o
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5. POINCARE DUALITY

In this section, it is shown that if {;, ... , {, is a homogeneous set of param-
eters for H*(G, k), then C;, ® --- ® C;, is homotopy equivalent to its dual,
suitably shifted in degree. We use the notation of §3. However, throughout
this section the coefficient ring R = k is a field of characterestic p, and hence
we can assume that the projective resolution of k as a kG-module is minimal.
This implies that the kernels Q"(k) have no projective submodules.

We begin with a general lemma about homotopy equivalences.

Lemma 5.1. Suppose C and D are bounded chain complexes of finitely gener-
ated projective kG-modules, and f: C — D is a chain map. Then the following
are equivalent.

(i) f:C — D induces an isomorphism in homology f.: H,(C) > H,(D).

(ii) f is a homotopy equivalence.

(iii) There exist decompositions C =C' & P', D =D & Q', where P' and
Q' are exact sequences of projective modules, and the restriction of f to C' is
an isomorphism f:C' 2p.

Proof. 1t is clear that (iii) = (ii) = (i), so we shall prove that (i) = (iii).
Suppose f: C — D induces an isomorphism in homology. By adding an exact
sequence of projective modules Q to C we may make f surjective, and still a
homology isomorphism. Denote by P the kernel of f: C® Q — D. The long
exact sequence in homology shows that P is an exact sequence of projectives.
Since projective kG-modules are also injective, P is a bounded exact sequence
of injectives, and hence injective as a complex. So the sequence

0-P-CQ—-D-0

splits, and C® Q = D @ P. The result now follows from the Krull-Schmidt
theorem for finite chain complexes of finitely generated kG-modules. o

Now if { € H*(G, k)A is represented by a cocycle ¢ : Q"k — k, we may
dualise to obtain a map (*: k — Q~"k. Applying Q", we get a map Q"({*):
Q"k — k. The relationship between this homomorphism and the original map

A

{ is given in the following proposition.
Proposition 5.2. If { € H*(G, k) then

Q7 (E%) = (= 1) mD2g,
Moreover there is a map of chain complexes

O0— P/Ly - Py —--—> P - Py -0

! ! ! !
0— P(’; — Pl* — e — P*_2 — (Pn—l/LC)* -0

n

inducing an isomorphism on homology.
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Proof. We build a commutative diagram

0— Qk - P, - Py - k -0
et et {1 1

0—- Q"kQ% — Q"kQQP,_;—---Q"P — Q" -0
by l | l

0— k — P — = Py - Q"k -0

In this diagram, the bottom set of vertical arrows has been filled in using the fact
that both rows are exact sequences of projective modules, except at the ends,
and y is obtained by restricting the previous map. Now modulo maps which
factor through a projective module, there is only one dimension of maps from
Q "k ®Q"k to k. It follows that y is some multiple, A,.ev, of the evaluation
map (regarding Q~"k as the dual of Q"k). So the composite of the left-hand

A

vertical maps in the above diagram is Q"({*), and we have
Q"(E*) = Anevo (£ @ 1) =A,L.

(There are no nonzero maps from Q"k to k which factor through a projective
module.)

It remains to determine the constants A, . Since the restriction of Q"k to a
subgroup H of G is Q"k & (projective) and the entire construction commutes
with restriction, it suffices to restrict to a cyclic subgroup of G of order p =
chark and evaluate 4, there. By restricting from Z/p x Z/p to Z/p , it suffices
to determine the A, for Z/p x Z/p. The cohomology of this group has the
property that there are nontrivial products H™ x H" — H™*" for every pair
of positive integers m and n.

Since the map { — 4,.( is an antiautomorphism of H*(G, k) (duality re-
verses Yoneda composition) we have

Amé-lnc = j-m+nc-f,
so that

lmln = ("'l)mnim+n-
It remains only to determine A,. We leave to the reader the easy exercise of
showing that A; = —1. Then by induction 4, = (=1)"*+1/2 | as desired.

To prove the second statement of the lemma, we observe that the left-hand
map, yo ({* ® 1) = (=1)"™+D/2( | in the above diagram has kernel L;, while
the right-hand map {* has cokernel L7, and so by passing to the appropriate
quotient on the top row and subcomplex on the bottom row, we obtain a map
of complexes

0—k — Po_y/Ly > Py »--—> P — Py -k -0

(- | l l l l I
0—-k > P —- P -5 P, — (Pi/L)* = k -0

and hence the required homology equivalence. o
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Theorem 5.3. Suppose that {,, ... ,{, isan h.s.o.p. for H*(G, k) with deg({;)
=n; > 2. Then the complex C; ® --- ® C;, is a direct sum of a complex C'
satisfying Poincaré duality in formal dimension s =% ;_,(n; — 1),

Hom, (C', k)[s]=C
and an exact complex P' of projective modules.
Proof. By the proposition, we have homology equivalences
Homy (C¢, , k)[n; — 1] - C,.
Putting these together, we obtain a homology equivalence
Hom, (C, k)[s] = C.

By Theorem 4.1, C is a finite complex of projective modules, and so the theo-
rem now follows by applying Lemma 5.1. o

Corollary 5.4. If S is a simple kG-module and C and s are as in the theo-
rem, then the Poincaré series ps(t) = Y.;_,t' dimy Homy(C;, S) satisfies the
equation t°ps(1/t) = ps-(1).

We now summarise what we have established so far about the hypercohomol-
ogy spectral sequence of the complex C.

Theorem 5.5. Suppose that {,, ... ,{, isan hs.o.p. for H*(G, k) with deg({;)
=n; > 2. Then the complex C=C;, ®---®C;, = C' &P is a finite complex
of projective modules with cohomology an exterior algebra

H*(Homy (C, k)) = H*(Homy(C', k)) = A*(,, ..., L)

with deg(l;) = n; — 1. The complex C' satisfies Poincaré duality in formal
dimension s =%;_,(n; — 1), and P’ is a split exact sequence of projectives.
There is a spectral sequence with

Ey=H"G, kK)o A (i, ..., &)

and converging to H*(Hom,g(C, k)), which also satisfies Poincaré duality in
Jformal dimension s . In this spectral sequence we have d,,,.(&) ={;.

If char k is odd, then the above spectral sequence has a multiplicative structure
(but see also §3 for a discussion of the remaining case).

Further information about the differentials in this spectral sequence is given
in§11.

6. THE COHEN-MACAULAY CASE

We begin with a brief review of Cohen-Macaulay rings.

Definition 6.1. Suppose that 4 = @nzo A, 1is a finitely generated graded com-
mutative k-algebra,and M = ®n20 M, is a (nonzero) finitely generated graded
A-module. A sequence {;, ..., {, of homogeneous elements of degree n; > 0
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in A is said to be a regular sequence for M if foreach i =1, ... , r the map

MMy (Cyy oo s Gict)M = My /My, 0 (Ery e, Simt)M
induced by multiplication by {; is injective, for all n. Note that we are not
asking that M,/M, N (¢, ... , {i—1)M be nonzero.

The depth of M is the length of the longest regular sequence. M is said
to be Cohen-Macaulay if its depth is equal to its Krull dimension. The ring
A 1is said to be Cohen-Macaulay if it is Cohen-Macaulay as a module over
itself. This is equivalent to the condition that there is a polynomial subring
k[C, ..., ] C A generated by homogeneous elements (;, such that 4 is a
finitely generated free module over k[{, ..., {/].

The following theorem is proved in Serre [25, p. IV-20, Theorem 2]; see
also Stanley [26, Proposition 3.1]. Actually the proof given in Serre [25] is
for strictly commutative local rings, but the proof carries over verbatim to the
graded commutative case.

Theorem 6.2. Suppose that A is a finitely generated graded commutative k-alge-
bra. Then the following are equivalent.

(1) There exists a polynomial subring k[(;, ... ,{,] C A generated by ho-
mogeneous elements {;, such that A is a finitely generated free module over
k[CI’ ey Cr]

(ii) For every polynomial subring k[{;, ... , ;] C A generated by homoge-
neous elements (;, such that A is finitely generated as a module over
ki¢i,..., 6] (e, &1,..., ¢ isan hs.o.p. for A), A is a free module.

If E is an elementary abelian p-group then H*(E, k) is Cohen-Macaulay.
Quillen’s calculations [23] show that the cohomology rings of general linear
groups at primes other than the natural one are Cohen-Macaulay, and his
work on extraspecial 2-groups [22] shows that these also have Cohen-Macaulay
cohomology rings. If G is a semidihedral 2-group then H*(G, k) is not
Cohen-Macaulay (see Evens and Priddy [14]). Also, if G is a split meta-
cyclic p-group with p odd, then usually H*(G, k) is not Cohen-Macaulay (see
Diethelm [12]).

It is interesting to note that, until recently (see [1]), in every example which
had been computed, H*(G, k) was Cohen-Macaulay whenever G was simple.
This is not a general fact because, as noted in the introduction, the Cohen-
Macaulay condition requires that all irreducible components of the maximal
ideal spectrum of H*(G, k) have the same dimension. Hence if G is any
group having maximal elementary abelian p-subgroups of unequal ranks, then
H*(G, k) is not Cohen-Macaulay.

Theorem 6.3. Suppose that H*(G, k) is Cohen-Macaulay, and that {,, ... , {,
is an irredundant h.s.o.p. with deg({;) = n; > 2. Then the quotient

H (G, k)/(Cs -5 6)

satisfies Poincaré duality with formal dimension s =Y _,(n; —1).
Proof. Let C=C;, ®---®C;, = C'®P' as in Theorem 5.3. Then by Theo-
rem 5.5 we have a spectral sequence with

Ey=H*(G,k)eAN (¢, ... ).
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In §3, we described enough differentials in this spectral sequence to be able to
identify it with a staggered version of the Koszul complex for H*(G, k) as a
module over k[(;, ..., {]. Since H*(G, k) is Cohen-Macaulay, it is a free
module over k[(;, ..., {,], and so the E,, page of this spectral sequence is the
quotient H*(G, k)/({y, ... , {,) concentrated along the bottom row. It follows
that we have an isomorphism

H* (G, k)/(, ..., ¢) = H (Homg(C, k)),
so that this quotient of the cohomology ring satisfies Poincaré duality with for-
mal dimension s =Y/_ (n;—1). o

Remark 6.4. The proof of this theorem also shows that if D is a bounded chain
complex of kG-modules with the property that H*(G, D) is Cohen-Macaulay
as a module over H*(G, k), then

H*(G,D)/({1, ..., &) = H'(Homy(C, D)).

Corollary 6.5. Suppose that H*(G, k) is Cohen-Macaulay, and that {,, ... , {,
is an irredundant h.s.o.p. with deg({;) = n; > 2. Then the Poincaré series

P(t) =)t dim H'(G, k)
i>0

is of the form p(t)/ 1}, 1 - t”') where p(t) is a polynomial satisfying p(t) =

£p(1/t) where s =3 _,(n; . As rational functions of t, we have
Pk(l/t) = (=1)"Pe(1).
Proof. Basis elements of the k-vector space H*(G, k)/(¢y, ... , {,) may be
lifted to give free generators of H*(G, k) as a module over k[{;, ..., {]. So
the Poincaré series Py (¢) is of the form p(7)/[T;_,(1 — ™), where p(¢) is the
Poincaré series (polynomial) of H*(G, k)/({1, ... , ).
By the above theorem, H*(G, k)/({,, ... , {,) satisfies Poincaré duality with

formal dimension s = }_/_,(n; — 1), and so we have #p(1/t) = p(¢). This
means that

NEGY mE—

Remark. By a theorem of Quillen [21], the integer in the above theorem, namely
the Krull dimension, r, of H*(G, k), is equal to the p-rank r,(G).

Corollary 6.6. If H*(G, k) is a polynomial ring, then chark = 2, the generators
are in degree one and G|O(G) is an elementary abelian 2-group (here, O(G)
denotes the largest odd order normal subgroup of G).

Proof. If H*(G, k) = k[{y, ... , (] with deg({;) = n; then the Poincaré series
is

Pty =1/]J(1 =)
i=1

and so

Pe(1/8) = (=)™ Pe(1).
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It thus follows from the above theorem that n; + --- + n, = r, so that each
n; = 1. In odd characteristic, elements of degree one square to zero, so
chark = 2. Moreover, examining H!(G, k), we see that G has an elementary
abelian quotient E with the property that inflation H*(E, k) — H*(G, k) is
an isomorphism, so the kernel has odd order. o

We finish this section by showing that for H*(G, k) to be Cohen—-Macaulay
it is sufficient (but not necessary) for the cohomology of the Sylow p-subgroup
to be Cohen-Macaulay. The following lemma is well known.

Lemma 6.7. Let P be a Sylow p-subgroup of G. Then
resg,p: H*(G, k) - H*(P, k)
is injective, and makes H*(P, k) into a finitely generated H*(G, k)-module,
which has H*(G, k) as a direct summand.
Proof. This follows from the fact that the transfer map

trp. g : H*(P, k) —» H*(G, k)

satisfies

(i) resq, pltrp,6(x)) = |G : Plx

(ii) x.trp G(y) = trp, g(resg, p(x).y)
for x € H*(G, k) and y € H*(P, k). Finite generation follows from Evens’
theorem (cf. Theorem 2.4) and the fact that the Shapiro isomorphism

H*(P, k)= H*(G, kp1°)

is an isomorphism of H*(G, k)-modules, where kp1¢ is the permutation mod-
ule for G on the cosets of P. O

Proposition 6.8. Let P be a Sylow p-subgroup of G. If H*(P, k) is Cohen-
Macaulay then so is H*(G, k).

Proof. We may choose the polynomial subring k[(;, ..., ] € H*(P, k) of
part (ii) of Theorem 6.2 to lie inside H*(G, k), by the lemma. Thus H*(G, k)
is a direct summand of a finitely generated free module over k[(;, ... , {,] and
is hence free. O

Remark. The converse of this proposition is not true. For example, the Sylow
2-subgroup of M, is a semidihedral group of order 16, whose cohomology in
characteristic two is not Cohen-Macaulay (Evens and Priddy [14]), whereas the
cohomology of M, in characteristic two is Cohen—Macaulay, see [3].

Corollary 6.9. If a Sylow p-subgroup P of G is abelian then H*(G, k) is
Cohen-Macaulay.

7. THE LAST SURVIVOR

In this section we prove Theorem 1.3. The idea is that the top degree ele-
ment in the cohomology of Hom,s(®;_, C¢,, k) lifts to a nonzero element of
H*(G, k), which we think of as the “last survivor” of the cohomology of this
finite complex.

Solet {;, ..., {, be an irredundant h.s.o.p. for H*(G, k) with deg({;) =
ni>2,andlet C=Cy, ®---®C;, be the finite complex of projective modules
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discussed in Theorem 5.5. Let P be a projective resolution of k as a kG-
module. Since P is exact and C consists of projective modules, there is a
chain map C — P inducing an isomorphism in degree zero homology (the
degree zero homology of both complexes is k), and any two such maps are
chain homotopic. So if D is a bounded complex of kG-modules, we obtain a
well defined map

e: H*(Homys(P, D)) = H*(G, D) —» H*(Homys(C, D))
which is the horizontal edge homomorphism of the spectral sequence
E%? = Ext} .(H,(C), D) = H*(Homys(C, D))

that was discussed in §4. The map e commutes with restriction to subgroups.

We saw in §6 (see Remark 6.4) that if H*(G, D) is Cohen-Macaulay as a
module over H*(G, k) then the E,, page of this spectral sequence consists of
the quotient H*(G, D)/({i, ... , {;) concentrated along the bottom row, and
so the edge map e is surjective in this case.

We may interpret this as follows. Write C as C' @ P, where P’ is an
exact sequence of projective modules and C’' has no summands which are exact
sequences of projective modules (so that according to §5, C’ is self-dual). Then
for S a simple kG-module we have

H*(Homy(C, S)) = Hom;g(C', S).
If P is a minimal resolution of k£ then
H*(G, S) = Homyg(P, S).

Thus if H*(G, S) is a Cohen-Macaulay module of Krull dimension r over
H*(G, k) for each simple kG-module S in the principal block, the edge ho-
momorphisms

HomkG(P9 S) - HomkG(C/ > S)

are all surjective, and so the original map of complexes C — P is injective. We
have thus proved the following embeddability theorem.

Theorem 7.1. Suppose that for each simple kG-module S in the principal block
of kG, H*(G, S) is a Cohen-Macaulay module of Krull dimension r = r,(G)
over H*(G, k). For an irredundant h.s.op. ¢, ... ,¢ in H*(G, k) with
deg({i) = n; > 2, we express C = C;, ® --- ® C¢, as a direct sum C' o P',
where P’ is an exact sequence of projective modules and C' has no summands
which are exact sequences of projective modules. Then there is an embedding of
C' in the minimal resolution of k as a kG-module, which induces an isomor-
phism on Hy.

Remark. The hypothesis of this theorem fails to hold if H*(G,.S) has Krull
dimension smaller than that of H*(G, k). For example, if G = SL(2, 4) & 45
and char(k) = 2, then the simple modules in the principal block are k, M
and N, with dim(M) = dimg(N) = 2 and with projective covers Py, Py
and Py. If we take {; and {, to be nonzero elements of degrees two and




PROJECTIVE RESOLUTIONS AND POINCARE DUALITY COMPLEXES 467

three, then C’ is as follows
0—- P —>PydPy—>Py®Py— P -0,
whereas the minimal resolution is of the form
o= P = Py®Py— P — 0.
All of this can be verified using diagrams [3].

Now suppose that {;, ... , {, is an irredundant h.s.o.p. for H*(G, k) with
deg({;) = n; > 2, and let C = C;, ® --- ® C, as above. By Quillen’s theo-
rem [21] on nilpotent elements in H*(G, k), if E is an elementary abelian
p-subgroup of G of maximal rank, restriction to E is injective on the subring
k[¢i, ..., &) of H*(G, k). Since H*(E, k) is Cohen-Macaulay, it follows
that if we set C|z= C' @ P’ as above, then C’ embeds in the minimal resolution
of k as a kE-module.

Now in degree s = Y°;_,(n; — 1), H*(Hom;¢(C, k)) is one dimensional,
and so we have a canonical map

y: H5(G, k) 5 H*(Homyg(C, k)) > k.
By Tate duality, this corresponds to an element
¥y, &) € H7Y(G, k) = Homy (H¥(G, k), k).
The above discussion shows that

resg g V(1,5 ... 5 &) = v(resg £(C1), ... , 1esg g(¢r) #0

in A--Y(E, k), and hence y({;,...,¢) # 0 in H=s-1(G, k). Since the
edge homomorphism e, and hence also the map y, factors through
H*(G, k)/({1, ..., &), it follows that there is a nonzero element of degree
s in H*(G, k) not in the ideal generated by {;, ... , {,. Moreover, since the
Tate dual of restriction is transfer, this nonzero element may be taken to be a
transfer from H*(E, k). This completes the proof of Theorem 1.3.

In fact in the Cohen-Macaulay case, the element y((;,...,{) €
H=s-1(G, k) described above determines the ideal (¢1,-...,¢) of H*(G, k),
as we now prove.

Theorem 7.2. Suppose that H*(G, k) is Cohen-Macaulay, and that {,, ... , ¢,
is an irredundant h.s.o.p. Let C=C; ® ---® C;,. Then

H.(Hom;g(k, C) =y, ..., &) NHY (G, k)
(cap product). If {}, ... , (. is another irredundant h.s.o.p. with
s 8=, - )
then setting D= Cp ® --- ® Cy:, we have isomorphisms

H,(Homyg(k, C)) = H.(Homyg(k , D)),
H*(Homy(C, k)) = H*(Homy(D, k)),

and the ideals ({y, ... , () and (), ..., () are equal.




468 D. J. BENSON AND J. F. CARLSON

Proof. First note that »(C) = y({1,...,¢) is a class in H—"Y(G, k) =
H;(G, k), and that cap product is the map H;(G, k) x H'(G, k) — H,_,(G, k)
for s <t induced by cup product in Tate cohomology. Let P be the minimal
projective resolution of k as a kG-module. Set C = C' @ P’ with P’ an exact
sequence of projective modules and C’ having no summands of this form. Then

there is a map C’ % P which induces an isomorphism in H,. Moreover, by
the same argument as used in the proof of Theorem 7.1, ¢*: Hom;g(P, k) —
Hom;(C', k) is surjective. The dual Hom, (P, k) is the minimal injective
resolution of k£ and we have a map ¢*: Homy (P, k) — Hom,(C', k) which
is a surjection on G-fixed points. Let y be the composite map

Homy (P, k)[s] & Hom, (C', k)[s] &> C' & p

where s =);_,(deg({;) — 1) and 6 is the isomorphism given in Theorem 5.3.
Now the homology of Hom, (P, k) is given by the dual &* of the augmentation
in degree zero. Now y o ¢* is a nonzero multiple a.y(C), so the map

H!(G, k) — H;((G, k)
Il I
H_(Homyg(P, k) = H;_(Homyg(k, P))
is cap product with a.y(C). By Theorem 7.1, the map
¢*: H.(Homg(P, k)) — H,(Hom;¢(C', k))
is surjective,
6. : H.(Homy(C', k))[s] - H.(Homyg(k, C')) = H.(Homyg(k , C))
is an isomorphism, and
¢« : Hi(Homyg(k, C')) — H.(Homyg(k, P))
is injective. So we have proved that
H,.(Homyg(k,C) 2y, ... , ) NH*(G, k).

It follows that if y({;,...,¢,) is equal to p({],..., ;) as an element of
H=5~Y(G, k), then we have an isomorphism

H.(Homg(k, C)) & H,(Homyg(k, D)),

and dually we have an isomorphism H*(Hom;;(C, k)) & H*(Homyg(D, k))
as modules over H*(G, k). The annihilator ideals of these modules are there-
fore equal. We saw in §6 that H*(Hom;(C, k)) = H*(G, k)/({1, ... , &), so
that the annihilator of this module is the ideal ({;,... ,{,). O

8. FILTRATIONS ON PROJECTIVE MODULES

The aim of this section is to show how a complex C of kG-modules which
has at most one nonprojective term M gives rise to a filtration on M @ P, for
some projective module P, where the composition factors are Heller translates
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Q=" of the homology of C. In the event that C is a complex of projective mod-
ules, this is a filtration of a projective module. The construction given here is
a rudimentary form of the equivariant cohomology spectral sequence—without
the cohomology. It would be possible to make a construction by embedding the
complex in a projective resolution or something similar. This would be equiv-
alent to resolving the homology of C piece by piece as in [4]. However, the
method given here is cleaner and gives a more satisfactory result.

Of course, any filtration on a module leads naturally to a spectral sequence
on the cohomology of the module. If the complex C is one of those constructed
in §4 then the E,-term of the spectral sequence corresponding to the filtration
is a very familiar object, namely a Koszul complex.

Suppose that

C: 05C—o-—>C—C—0

is a bounded complex of kG-modules. Let

~

P: .. -pP3p2pP %P,

be a doubly infinite projective resolution of the trivial kG-module k. This
means that the complex is exact, and that d(Py) = k. Now consider the double
complex C ® P. The total complex of C® P has no homology and hence is a
doubly infinite exact sequence. Also since for each i and j, C; and P; are
finitely generated, so is (C® P),, = D, =mCi® Pj.

For any index ¢ let (C® P)( denote the complex

CeP): ... (C®P),, - (CP), - (CoP), - 0.
It is the truncation of the total complex C ® P at the rth term.
Lemma 8.1. (i) For any bounded complex C of kG-modules, the homology
Hi((CeP)) =0
Jor i#t.
(i) If 0 - A - B — C — 0 is a short exact sequence of complexes of
kG-modules, then
0—- (AP)) - BeP)Y - (CaP)V) -0
is an exact sequence, and we have an exact sequence
0—- HAP)) - HBeP)Y - H(CeP)Y - 0.

(iii) If H,(C) =0 then H,((C ® P)) is projective.
(iv) Suppose that C is concentrated in degree i (thatis, C; =0 if j #1).
Then
H,((C®P)D) = Q'~/(C;) & (projective).
Proof. The first statement follows from the fact that C® P is exact. The second
is easily verified because, for any i and j,

0—>Ai®Pj—*Bi®Pj—>Ci®Pj—>0
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is exact and hence so is
0- P 49P— P BoP— P CioP;—0.
i+j=m i+j=m i+j=m

The last statement of (ii) is a consequence of the long exact sequence on ho-
mology. To demonstrate (iii), let

P: ---->P->P->PF—-0

be the nonnegative part of P, and note that C® P has no homology. So C® P
and hence also C ® P are totally split exact sequences of projective modules.
Hence 9((C ® P),) = H,((C ® P))) is a projective module. To prove (iv) we
need only notice that in this case (C® P)® is the complex

= C®P i~ COP i1 > Ci®P_; -0,
which is a projective resolution of
Ci®d(P-) = Ci® (Q(k) & (projective)) = Q'~/(C;) @ (projective). O
Theorem 8.2. Suppose that
C: 0-C—>Csoy—»--—>C>C—0

is a bounded complex of kG-modules. Let M = C, and suppose that C; is
projective whenever i # t. Then there exists a projective module P and a
projective resolution Q of M & P (i.e., H.(Q) = Hy(Q) = M & P) such that Q
has a filtration by complexes

QW cQ¢-Nc...cQW=0Q

with the following properties. . ‘ .

(i) For every i >0 and 1 < j <, Q,(’) (and hence also Q,(’)/Q,(’“)) is
projective. . . _ .

(i) H.(QU)/QUD) = Hy(QW)/QU*Y) = Q'~/(H;(C)) ® (projective).

(iii) For every j the induced map

Hy(QY) - Hy(Q=MeP
is injective. Denoting its image by M, this gives a filtration
0CM,C---CMCMy=M&aP
where MM, = Q"~J(H;(C))® (projective).
Proof. As before, let

f’: -'-—>P12>P02>P_12>P_2—>'-'

be a doubly infinite projective resolution of k. We claim that the complex
(C ® P)9[¢] = Q satisfies the conclusion of the theorem. This is the complex
(C®P)® asin Lemma 8.1, shifted down in degree by . Clearly (C® P)® is
a complex of projectives with homology only in degree zero. So we must first
show that 8((C ® P),) = M & (projective) .
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Let AY) — C be the subcomplex such that 4¥) = C; if i< j and 4¥ =0
if i > j. Then we have an exact sequence for j < k
0— A 5 A A(k)/A(j) =0

and by part (ii) of the last lemma we have an exact sequence

0— AV @ P)) — (AW @ PY®O — (A®) /AU @ P) — 0.
If j=k—1 then A®W/A*-1 js concentrated in degree k, and so

H,(A®R /A=) @ P)D) = Qk(C,) @ (projective).

If k =t,then Q'~k(C,) = M, while if k # ¢ then this homology is projective.
Likewise, for i < j < k we have an exact sequence

0 — H,(AV/AD @ PY) - H,(A®) /A @ P))) — I-[t((A(k)/A(f) oP)) - 0.

This last sequence must split because one of the two end terms must be projec-
tive (hence also injective). The right-hand end is projective if j > ¢, while the
left-hand end is projective if j < ¢t. We conclude that

s
H((CoP)") =P H,(AV/AV~D @ P)) = M & (projective).
j=1
For each i let BY) < C be the subcomplex
BY: 0-Ci—---— Ciy —Kerd,—0

which is nonzero only in degrees i to s. Of course B®) is the module Ker d;
concentrated in degree s. Also B(® = C. Now the complex

B /BU*D: 0 - C;;1/Kerd;y — Kerd; — 0
has a subcomplex
D®?: 0 — Ciy1/Kerdiyy > 8(Cipt) — 0

and the quotient (B()/B(+1))/D() is the complex consisting of the one module
H;(C) in degree i. By Lemma 8.1(iii), H,((D") ® P)®) is projective. So from
Lemma 8.1(ii) we get that

H,((BY/BU+D @ P))) = Q!~{(H,(C)) & (projective).
Again by Lemma 8.1 we see that the rest of the homology groups of the complex
(BY B+ @ P)V) > (BY) @ P) /(BU+)) @ P)

are zero. o
So let QU) = (BY) @ P)I[f] € Q. It is clear that we have a filtration

Q(S) cQs-bc...c QY =qQ

as in statement (i). Statement (ii) is a consequence of the above paragraph. The
third condition follows directly from Lemma 8.1(ii). This completes the proof.

a
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Now suppose that {;, ..., {, is an h.s.o.p. for H*(G, k) with deg({;) =
n; > 2. Let C;, be the complex described in §3. Then Theorem 8.2(iii) tells us
that there exists a projective module P(i) and a filtration of P,_/L;, ® P(i)
of length two (i.e., a short exact sequence)

(8.3) 0—k— P,_/Lg ®P(i) —» Qu" (k) = 0.
di

Here, we have removed the projective summands from the end two terms, at
the same time removing summands from P(i), as we may since projective
kG-modules are also injective.

In this case the sequence (8.3) is obvious because the map k — P,_;/Ly,
is the injection of H,_;(C;). Moreover the sequence represents {; as an
extension in

Extc(Qn~(k), k) = Ext}i(k, k) = H'(G, k).
The filtration on the projective module

P=P, /Ly ® - ®P,_1/L;, @ (projective)
(see Theorem 4.1) is the product filtration. It can be written as
(8.4) {O}cMC---CM CM=P
where M, =k and

M, /My = @ Qe8I (k) @ (projective)
SC{¢1,- ¢}
[S|=i
where deg(S) = >, s deg($i) -

As we noted earlier, any filtration on a module gives rise to a spectral sequence
on the cohomology of that module. This can be done in either ordinary or Tate
cohomology. Let P be the doubly infinite projective resolution of k. For any
kG-module N, we have a two-row spectral sequence coming from the filtration
(8.3). If we write it as a cohomology spectral sequence and if we shift the
degrees appropriately, then the rows on the E, page are given by the formulas

EA(t), = HomkG(f,t—n,'+2 ®k s N) )
EL% = Homyg(Pr—p1 © QU1 (K), N).
The FE, page has rows

. et 42 .
EV =Extye " (k, N) = H="*2(G, N),
—t—n;+1

ENY =Ext,;  (QUl(k), N)= H'(G, N).
Then

. it 1 ft+2,0

Il I
Iflt—ni+2(G, N) _ ﬂt+2(G’ N)
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1s the connecting homomorphism in the long exact sequence associated to (8.3).
Specifically it is given by cup product with {;. Of course, the spectral sequence
converges to I?ﬁ;G(P,,,._, /L¢; , N) suitably shifted.

On the other hand, suppose we consider the filtration given in (8.4). Here the
corresponding spectral sequence converges to zero. It has r + 1 rows. Again if
we shift the degrees appropriately then the terms on the E, page are given by

—t—s'+3i —t—s"43i

El'=Extyg  (Mi/Mi-y,N)= ZEthG (QIE9~(k), N)
— Zﬁt+deg($)—s'+2i(G’ N) ,

where the sum is over all subsets S of {{;, ..., {,} having exactly r — i ele-
ments. Here s’ =} _, deg({;). The d, differential is obvious from the product
structure, or from the extension classes which connect the terms in the filtration.
An easy analysis then shows the following.

Proposition 8.5. In the above spectral sequence the E, page is the Koszul com-
plex of H*(G, N) asa k[{y, ... , {;)-module. More specifically it is isomorphic
to H*(G, N) ®4 % , where % is the Koszul complex of free modules over
A=k[C, ..., ) which is the usual A-projective resolution of k. Thus the E;
page of the spectral sequence has terms Tor’y(k, H*(G, N)).

Remark. The Koszul complexes are well documented in the literature. See for
example MacLane [16]. For another treatment which is both leisurely and
considers spectral sequences as above (see [8]). It should be remarked that the
spectral sequence in the proposition is identical to the hypercohomology spectral
of the complex B considered in §§3 and 4.

9. ELIMINATING PROJECTIVES FROM COMPLEXES

If 0+# ¢ e HG, k), we write ¢ for the corresponding map Q"k — k,
where Q"k is the nth kernel in the minimal projective resolution of the trivial
kG-module k. We write L; for the kernel of {, so that there is a short exact
sequence

0L — Q%5 k0.

We proved in §4 that if {;, ..., {, is an h.s.o.p. for H*(G, k) then L; ®
---® L¢, is projective (and hence also injective). It follows from this fact, that

if we tensor together the complexes 0 — Q" k % k — 0 and the module Q"k ,
and insert the module L; ® --- ® L;, ® Q"k to make it exact, we obtain an
exact complex each term of which is a sum of modules of the form Q%k and
projective modules (note that Q$k ® Q'k = Qs*'k & (projective)). The question
is, to what extent may we strip off the projective modules to leave a complex of
modules of the form Q$k?

The following questions are an attempt to formalise this, and the main result
of this section is that these questions are equivalent. In the next section, we give
some conditions under which a positive answer is guaranteed. In particular, a
negative answer implies that r,(G) > 3.
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Question 9.1. Suppose {;, ..., {, is an h.s.o.p. for H*(G, k). Given n >0,
does there exist an exact sequence of the following form?

Vr—y

X(n)l O—’X,i ,_1—>"'—>X|ﬂ>X()—>O

where N

(0 ngn) =Xi=®scr,...0), isi=i s -

(i) Xs = Qr+deeS)(k) where deg(S) = Yresdes(l)

(i) If 8" = S u {¢} vi/ith {j ¢ S, then the part of the boundary map
s/ going from Xg to Xs is (—1)' times a map representing {;, where
t={i|{ieS,i<j}.

(iv) If |8’ = |S|+ 1 but § € S’ then the part of the boundary map vg/,
going from Xs to Xy is zero.

Question 9.2. Suppose {;, ..., {, is an h.s.o.p. for H*(G, k). Let M be a
kG-module, n > 0, and consider the cochain complex
Yy=YM;n;{,...,8)

defined as follows.
Ym: 0-Y'oy! . Y15y 50

where N

) Yoy =Y'=Dscer,...00, 1s1=i -

(ii) ¥S = Hr+ds8) (G, M) where deg(S) = 3, o5 deg({i).

(iii) If 8" = SU{{;} with {; ¢ S, then the part of the coboundary map
going from ¥$ to ¥5' is (—1)! times cup product with {;, where ¢ = |{i |

(iv) If |S'| =|S|+ 1 but S € S’ then the part of the coboundary map going
from Y5 to Y5 is zero.

Is Y, an exact sequence? (It is easy to check that Y, is a cochain com-
plex.)

The complex Y, is actually a singly graded piece of the E, page of the
spectral sequence considered at the end of the last section. That is, it is the
complex

A ' A ' _ A !
0_)E51+s—2r,r_)E£1+s—2r+2,r 1_>'_'__’E£1+s,0_’0

where the boundary map is d, and M is replaced by N . Interestingly, Propo-
sition 8.5 implies that Y(, is an exact sequence for all n sufficiently large.
This is a consequence of the fact that the Tor)(k, N) has finite k-dimension.
Moreover the question of whether Question 9.2 has an affirmative answer for
all n > 0 is independent of the choice of the set of parameters. See [8] for
more details.

Proposition 9.3. Suppose that (,, ... ,{, isan hs.o.p. for H*(G, k). Then the
Jfollowing are equivalent.

(i) Question 9.1 has an affirmative answer for the elements (,, ... ,{, and
forall n>0.
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(ii) Question 9.2 has an affirmative answer for the elements (,, ... , {,, all
n >0 and all simple kG-modules M .

Proof. We first prove that (i) implies (ii). Assume that for each n > 0 there is
a complex X having the prescribed properties. Recall that if M is a simple
kG-module then

Hom(Q"k, M) = H™(G, M)
and
Extis(Q"k, M) = Homg(Q"*k, M) = H™ (G, M).

Moreover if u: Q™+ k — Q™k represents an element { € H'(G, k) then
u*: Homyg(Q"k , M) — Homy(Q "k, M)

is given by cup product with {. It follows that the complex Homyg(X™ , M)
is isomorphic to Y,y = Y(M, n; {;, ... , {;) by making the obvious identifi-
cations. Moreover

Extio(X", M) 2 Y

i
n+l)*

So the complex Hom, (X", M) can be written as

V(")‘
0 —Homy (X", M)"SHom; (X", M)— - =Homy(X", M)— 0
Il Il It
0 1
0— Y — Yo - Yo —0.

Since Hom is left exact, ul(")* is injective. Hence

H(Y(n) & H'(Homy (X", M)) = 0.

The short exact sequence

. (n)
0— 1" (X3") 5 X[ =5 X3 = 0

gives rise to the long exact sequence

(n)= %
0 — Homyg (X", M) 2 Homyg(X" , M) -5 Homy (i (X{M), M)
- Extpg(Xg" , M) — Extio(X{"”, M) - - .
Now for every j > 0 the map

e

Ext] (X", M) 2> Ext] (X", M)
It t

MEYE

YO r, Y(l

(n+j) n+j)

is injective. So in the long exact sequence, all connecting homomorphisms are
zero and in particular i} , is surjective. We also have a sequence

0— " (x3") 23 X3V 23 P (X(") - 0,
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and the corresponding long exact sequence is
(9.4)
0- HomkG(Vé ( n)) M) _* HomkG(X M) —) HomkG( (X(”)) M)

- Extig(h" (X3"), M) 25 Extj(X§", M) — -

So the map &5 , is injective, and hence the kernel of
v = g5 00, Homg(X™, M) — Homg(X{", M)
is precisely
Ker(i} ,) = v (Homyg (X", M)) = v{"* (Y,).
Therefore H'(Y(,)) = 0. Notice further that

Ext] (P (X3), M) 2 Y} v (YL ).

So because H'(Y(n+j)) =0, the map

Ext] (v{"(X{), M) 25 Ext] (X", M)

Il I

("+J)*(Y0

2
ne) Yinsj)

Yoei v

is injective for all n, j > 0. Consequently in the long exact sequence (9.4), the
connecting homomorphisms are all zero, and so for every n, j >0 the map

Ext] (X", M) 25 Ext] (v (X{M), M)

is surjective, so that Exth(u§")(X§”)) M) =Y2, /V(”“)(Y(l, +j) - Continuing
in this way, we see that 3 , is injective and so H*(Y ) = 0, and so on. It

follows that the homology of Y, is zero and hence Y( is an exact sequence.
This completes the proof that (i) implies (ii).

We now give an alternative proof that (i) implies (ii). Let (P, ) be a pro-
jective resolution of the trivial kG-module k. Consider the double complexes
X" ®, P. Notice that in each such complex the rows

0= X" @P—- xR X" OP -0

are totally split exact sequences of projective modules. So the total complex of
the double complex Homyg(X. ™ & P,, M) is an exact sequence and hence has
zero homology.

So consider the spectral sequence of the double complex

EP? = Homyg (X" ® Py, M).

We obtain one such spectral sequence for each value of n > 0. Taking the
boundary with respect to the differential dy = (1 ® 9)*, we obtain the E; term

- (n) ~
EP? = Extis(X,", M) =Y ).
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This is because (X\” ® P, 1®8) is a projective resolution of X{" . The iso-

morphism with Y(‘,’, +q) Was discussed earlier. But notice that the map induced

from (v ® 1)* on E}? is simply the differential on Y(,., . So the homology
with respect to this differential is

E} = H?(Y(n4q))-

Since this is a first quadrant cohomological spectral sequence, the terms Eg,o
and E,’° live until the E, term. By the previous paragraph the spectral
sequence converges to zero. So EZ4 =0 forall p and g . Therefore HO(Y(,,)) =
E® = 0 and H'(Y,) = E}*® = 0. Since this happens for every value of
n > 0, we must have Eg"’ = 0 and Ezl"’ = 0 for all g. But now E22’0
and E;'° must live until the E,, term. So again H3(Y(,) = E3'° = 0 and
H3(Y(,,)) = E23’0 = 0 for every n > 0. Continuing this argument we see that
H*(Y(n)) =0 forall n > 0.

We now turn our attention to proving that (ii) implies (i). We are given an
hs.op. {1,...,¢ . Foreach i=1,...,r,let UY be the chain complex

0- Qi) 5% kLo

I I
0—- U - UP o

having homology H,(U®) = H;(UY) = L;, . Let U=UD®...® U, which
has homology

H.(U) = Hy(U) = L, ® - ® Ly,
which is a projective kG-module (see the first paragraph of this section). The
implication (ii) = (i) is a consequence of the following proposition.

Proposition 9.5. Suppose that Question 9.2 has an affirmative answer for the
elements ¢y, ... ,{, € H*(G, k) and all simple kG-modules M . Then for all
n >0 there exist complexes X" and Z™ such that the following hold.
(1) U Qrk =X g Z"
(ii) X® is exact (H.(X") =0) and no X" has a projective summand.
(iii) Z™ is a complex of projective kG-modules with H,(Z™) = H,(Z™) =
L,® &L, oQ%.
Proof. First note that we have an exact sequence

0 HURQK) LU Q% — - — Uy®Qk -0
where the map i is the inclusion of the homology, and
HUQk)=L,® ---® L, ®Q"k,

which is a projective module. If we let Z' be the complex with Z/ =
H,(U®Q"k),and Z/ =0 for i # r, then we have a split injective map of com-
plexes Z' - U® Q"k . Let V(") be the cokernel, so that U® Q"k = V(" ¢ Z/
and V™ is exact. The main step in the proof is to show that the complex
Homy (V"™ , M) is exact for all simple kG-modules M .
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First we need some notation. If 4 and B are kG-modules, we denote by
the expression P Hom,g(A4, B) the subspace of Hom,g(A4, B) consisting of
maps which factor through some projective module. Let

Hom, ;(4, B) = Homys(A4, B)/PHomg(A4, B).

Of course if 4 or B is projective then Hom, (4, B) = 0. In the event that
A = Q’k & (projective) , we have Hom, (4, B) = H*(G, B) . In particular, for
M simple, HomkG(U,.(”) , M) 2 Y{(M;n;(,...,¢{). So we have an exact
sequence

0 — Homy (¥, , M) — --- — Hom, (V" , M) - 0
for any n > 0. Similarly
Extig(V", M)2 Y (M;n+1;01,...,8)).
So for M simple, the sequence
0 — Extig(Vy" , M) = --- = Extig(K", M) - 0

is exact, forall t >0 and n >0.
Now let (P, d) be a projective resolution of k and let M be a simple
kG-module. Consider the spectral sequence of the double complex

EP? = Homy(V\" ® P, M).

As V(" is an exact sequence, the homology of the total complex is zero and so
the spectral sequence converges to zero. Taking the boundary (1 ® 9)* we get
the E; term

EPY = Extd (V" , M).
Now take the boundary induced by (v ® 1)* to get

qu = HP(EXtiG(K(n) ) M), (V ® l)*)

If ¢ > 0 then we have already seen that EthG(V,."), M) =Y., Which is

an exact sequence. So E?? = 0 for ¢ > 0. Therefore the spectral sequence
collapses onto the first row of the E, page, and all further differentials are zero.
Because the spectral sequence converges to zero, we have

H'(Homy(V™, M), (v®1)*) = Ey° = 0.

So the complex Homy (V" | M) is exact.
Now notice that P Homyg(V(™, M) is a subcomplex of Homyg(V(®, M).
Moreover, the quotient complex is

HomkG(V(") s M) = Y(n)-
So we have an exact sequence of complexes

0 — PHom;(V™, M) — Homyg(V", M) — Y,y — 0

in which the last two terms have no cohomology. So by the long exact sequence
in cohomology we have H*(P Homg(V™, M)) =0.
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With this information we proceed to strip the projective modules from the
sequence V(™ . Recall that we have an exact sequence

0¥ Ly L. Ly® o,
Let Py be the projective cover of the simple module M . Then
dim; P HomkG(V;(") , M)

is the number of summands isomorphic to Py, in any direct sum decomposition
of Vi(”) into indecomposable pieces. Let i be the least index such that we have
PHomy(V"™, M) #0,andlet 0+# 6 € PHom;(V", M). Then 8 extends
to a homomorphism y: V,.(") — Py (ie., if ¢ : Py — M then eoy = 6).
Since P Homg(V™, M) is exact, we have Qv # 0. So we have a map of
chain complexes

R 7 I N 720 RN (LN

i+1
yv | Ly
0— Py = Py -0

Note that ¥ and wv are surjective because ey = 0 # 0 and eyv =60v #0.

So if Qy is the complex (0 — Py 9 Py — 0) concentrated in degrees i and
i+ 1, then we have a split short exact sequence of complexes

0— VM v Qu — 0.

So V(M =~ V(W' ¢ Q,,. In this way we can eliminate (in pairs) all projective
summands from V() and obtain an exact sequence of the prescribed form. o

We now show how the questions above have implications for the Poincaré
series of the cohomology of G.

Proposition 9.6. Suppose that {,... ,{, is an hs.op. for H*(G, k) with
deg({;) = n;, and let n > 0. Suppose that Question 9.2 has an affirmative
answer. Then

r

(9.7) YD Y dim HSS(G, M) =0,
i=0 SC{, ., 4}
|S|=i

for all n>0 and all simple modules M , where deg(S) = Y, . deg({i) .

Proof. This is an easy consequence of the exactness of Y(M;n;{;, ..., ().
o

Now let Py(t) = 35,5 t' dimy H'(G, M) be the Poincaré series for M . Set
T ={¢,..., ¢}, multiply equation (9.7) by ¢"*%&T) and sum over n. We
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get
o0
0= z (_1)|S|tn+deg(T) dimk Hn+deg(S)(G, M)
n=0SCT
00
— Z Z (_ |S|tdeg deg(S)(tn+deg(S) d1m Hn+deg(S)(G M))
n=0SCT
[e.0]
|S|tdeg(T —deg(S) Z ti dimk Hi(G, M)
ng i=deg(S)
so that

Z (—1)I81dea(T)~deg(S) p, (1)
SCT

deg(S)—1
= Y (1)l N=des®| V" (i dim, HY(G, M) |.
SCT i=0
Now we have
r r
[T =) = (—1yses” H 1—t7m)
j=1 j=1
— (_l)r Z(_I)ISIIdeg(T)—deg(S)
SCT

and so substituting in the previous equation we find that

deg(S)—1

f[(l—t”f)PM()—( D7) (—1)ISlgdesT) deg<S>( > t"dimkH‘(G,M)).

j=1 SCT i=0
Replacing S by T\ S and noting that (—1)"(—1)II = (=1)IT\S| | this becomes
Yoscr(—1)S!deel®) (zgi%m—degm—l ¢! dim; H'(G, M))

H;=1(1 — 1) .

Note that the numerator in the above expression is a polynomial.

Py (t) =

10. QUASI-REGULAR SEQUENCES

There is a notion weaker that that of a regular sequence, which we now
introduce, and which is good enough to give a positive answer to the questions
posed in §9.

Definition 10.1. Suppose that 4 = EB,,>0 Ay is a finitely generated graded com-
mutative k-algebra, and M = @n>0 » 1s a finitely generated graded A-
module. A sequence (, ..., ¢, of homogeneous elements of degree n; in
A 1is said to be a quasi-regular sequence for M if foreach i=1,...,r the
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map
Mn/Mn n (Cl s eee s {i—l)M - Mn+n,~/Mn+n,- n (Cl s ooy {i—l)M

induced by multiplication by {; is injective, whenever n > n;+---+n;_;. In
particular, {;: M, — M,,,, is injective for all n >0.

Serre has investigated a similar definition in which the generators are assumed
to be in the same degree. His conclusions are rather different from ours. For
further information see the letter from Serre reproduced in the appendix to
Guillemin and Sternberg [15]. Note that our terminology has nothing to do
with the terminology of quasi-regular sequences used in Matsumura [17].

Proposition 10.2. Suppose that A = @, An is a finitely generated graded com-
mutative k-algebra, M = @,50 M, is a finitely generated graded A-module,
and {1, ... , ¢ is a quasi-regular sequence for M . For each n > 0, consider
the cochain complex Y,y =Y(M; n; {y, ... ,{,) defined as follows:

Y(,,):O—>Y0—>Yl—>~~—>Y'—>O

where . X

() Yoy =Y'=@scq,.....0p, 151 V-

(i) YS = M, qeqs) Where deg(S) = resdes(C).

(iii) If 8" =S U{{;} with {; ¢ S, then the part of the coboundary map going
from Y5 to Y5 is (~1)! times multiplication by {;, where t = |{i | {; € S, i <
JH.

(iv) If |S'| = |S|+ 1 but S S’ then the part of the coboundary map going

~

from YS to YS' s zero.
Then H*(Y) is concentrated in degree r, and

H’(Y) = Mn+deg(T)/Mn+deg(T) n (Cl PR Cr)M,
where T ={(,, ..., (}.

Here the complexes Y, are the singly graded pieces of the Koszul complex
of M asa k[{;, ..., {,]-module, as also in Question 9.2.

Proof. We proceed by induction on r. Note that if » = 1 then the complex Y
is simply
0—- M, é’ Mn+deg(C|) -0

and because multiplication by {; is injective, the proposition is obvious in this
case.

So assume that r > 1. It is easy to check that Y= YM;n; & ,...,8) is
a complex. The subcomplex consisting of all the ¥ such that {, € S is

Y[ =Y(M;n+deg(lr); G, -, G-I,

and the quotient is

Y/ Y =YM;n; 80, ..., Goy).

By induction, Y’ and Y/Y'[1] satisfy the conclusion of the proposition. Thus
the long exact sequence in cohomology of the short exact sequence 0 — Y'[1] —
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Y — Y/Y'[1] — 0 of cochain complexes takes the form
0 — H™1(Y) - HY(Y/Y'[1]) & H-(Y') - H"(Y) = 0.

But 6 is the map

M, aeg(1)[Mnsaegry N (C1s ovn s Grm1)M
(_1)'_lCr
———— My geg(7)/Mnidegr) N (C1s -oo , Grot) M
where 77 = {{;,... ,{,—1} and T = {{y,...,{;}. This map is injective,

according to the definition of a quasi-regular sequence. This completes the
proof of the proposition. 0O

We now consider the case in which 4 = H*(G, k) for G a finite group and
k a field of characteristic p, and M = H*(G, D) for D a bounded complex
of finitely generated kG-modules.

Proposition 10.3. Let D be a bounded complex of finitely generated kG-modules,

and suppose that {, ..., are nonzero elements of H*(G, k) forming an
h.s.o.p. for H*(G, D), with the property that {,, ..., {,—y is a quasi-regular
sequence for H*(G,D). Then {,, ... ,{, is a quasi-regular sequence for the

module H*(G, D) and the complex Y =Y(H*(G,D); n; {y, ..., ) is exact
(ie, H*(Y)=0) forall n>0.

Proof. Each (; is represented by a unique nonzero homomorphismAQ‘”i(CA,-) :
k — Q™ "(k) (cf. Proposition 6.2). Let L; be the cokernel of Q~"({;), so that
we have a short exact sequence

Q&)
0—-k

Q "(k)—L;— 0.
Let Vi » = Y(H*(G,D);n; {1, ..., ). We claim that V(; , only has

cohomology in degree j, and that its cohomology there is
HI(V(j.m) = HYZa (G, D)/ H™Z (G, D) N ({4, ... , {)H*(G, D)
¥ H"(G,D®L, ®---®Lj).

The proof of this fact follows the scheme of the proof of the last proposition.
For j =1 we have an exact sequence of chain complexes

10Q "1 ({))

—

DQ ™"k)—D®L, —0
and hence a long exact sequence

182" (£))).
G D) &)

HY G, DeQ ™(k)) - H' (G,D®L;)—---.

But H"(G, D ® Q" (k)) = H"™ (G, D) and the map (1® Q=" ({;)). is cup
product with {; , which is injective. So all the connecting homomorphisms are
zero, and the proposition is proved in this case.
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Now suppose that 1 < j < r. Then we have an exact sequence of chain
complexes

127" ({))

0-DeL® oL,
—’D®L1®"'®Lj—>0

DL ® --®Lj_; ®Q"(k)

and the long exact sequence in cohomology takes the form
18Q7" (¢))
= H'"(G,D® L, ®"'®Lj_|)

H'"(G,D®L; ® - ®Lj_; ® Q" (k))
N 1
H"+"f(G, D®L1 ®- - ®Lj—l)
and by induction multiplication by {; is injective.
As in the proof of the last proposition, we have an exact sequence of com-

plexes
0= Vi1, ntnplll = Vii,m = Vij—1,m = 0

and so taking cohomology we have
0—H = (Vy1,m) = HI=N (V-1 n4np) = H/(Vj,m)—0
Il Il

HYG,DQL ® - ®L;_))4H"*"(G,DOL ® - ®L;_y).
So the connecting homomorphism ¢, which is equal to cup product with {;,
is injective with cokernel H*(G,D® L; ® --- ® L;), which proves the claim.

Now consider the case in which j = r. Note that by Theorem 4.3, we have
H*(G,D® L, ®---® L,) = 0. Thus multiplication by {, is an isomorphism
from H*(G,D® L, ®---® L,_;) onto H"*"*(G,D® L, ®---® L,_;). From
the exact sequence of complexes

0—Vo_t,nen)[11 = Vir,ny = Vo1, — 0

we get an exact sequence in cohomology

0- Hr—l(v(r,n)) - Hr—l(v(r—l ,n)) - Hr-l(v(r—l,n+n,)) - Hr(v(r,n)) - 0.
The middle map is an isomorphism, and so H*(V(, ) = 0. Hence

Vony=YH(G,D);n; 1, ...,§)

is an exact sequence. O

Corollary 10.4. Let G be a finite group, k a field of characteristic p, and M
any kG-module. Suppose that {,, ... ,{, are nonzero elements of H*(G, k)
Jorming a h.s.o.p. for H*(G, M), with the property that {,, ... , {,_, is a quasi-
regular sequence for H*(G, M). Then Question 9.2 has an affirmative answer
Jor the elements {,, ... ,{, and all n > 0 for the module M .

Proof. This follows immediately from Proposition 10.3 by taking for D the
module M concentrated in degree zero. o

Corollary 10.5. Suppose that G has p-rank 2. Let {;, {, be a h.s.o.p. for
H*(G, k). Then either {,, {, is a quasi-regular sequence for H*(G, k) or {,
Cl is.
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Proof. By the proposition, it suffices to show that either {; or {, is not a zero
divisor in H*(G, k). But this follows from an easy spectral sequence argument.
O

Proposition 10.6. Let P be a Sylow p-subgroup of G . If a sequence of homoge-
neous elements {,, ... ,({, € H*(G, k) C H*(P, k) is a quasi-regular sequence
for H*(P, k), then it is also a quasi-regular sequence for H*(G, k).

Proof. This follows directly from Lemma 6.7 and the definition of quasi-regular
sequence. O

Remark. In [8] it is shown that Corollary 10.4 has a strong converse. That is,
if the answer to Question 9.2 is affirmative for some set of parameters and a
particular module M, then H*(G, M) has a quasi-regular sequence which is
also a system of parameters for H*(G, M) in H*(G, k).

11. SECONDARY OPERATIONS

In this section, we determine some more of the differentials in the spectral se-
quence described in Theorem 5.5. These differentials are given in terms of some
secondary operations which we describe in terms of matric Massey products.
Accounts of the theory of matric Massey products and their use in determin-
ing differentials in spectral sequences may be found in May [18], Ravenel [24,
Appendix Al.4], and McCleary [19, §8.3.3].

In case H*(G, D) is not Cohen-Macaulay as a module over H*(G, k), the
first example of a possibility for a nontrivial differential not determined by the
relations d,,({;) = {; is the differential d,.n,—1(c.{;{;) incase a.f; = a.{; =0.

We suppose for simplicity that the multiplication on cohomology is given by
a strictly coassociative diagonal approximation A: P — P ® P. This can be
arranged by taking for P the bar resolution. Note, however, that the diagonal
approximation A cannot in general be chosen to be strictly cocommutative, and
it is this fact that is responsible for the existence of Steenrod operations. Simi-
larly, the lack of strict coassociativity for the minimal resolution is responsible
for the usual Massey triple products.

Suppose that D is a chain complex of kG-modules, bounded above, and
a € H%(G, D) has the property that a.{; = a.{; = 0. Choose cocycles u
representing o and #; representing {;. Since «.{; = 0 we have u.n; = du;,
and similarly u.n; = du;, for suitable cochains u; and u;. Since

G — (=" =0,
we have
ninj — (=1)""n;n; = dnj.
To simplify some signs, we shall assume that if p is odd, the n; are even.
This will be true in the case we are interested in, namely if the {; generate a

polynomial ring, since elements of odd degree square to zero in case p is odd.
So we have

d(uinj — ujn; — (—1)%un;j) =0

and we define
(@i, &) = [winj — ujmi — (=1)%un;;] € H**+%~Y(G, D).
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This operation may be expressed in terms of matric Massey products as fol-

lows:
(aldi, ) = <a’ (G &), (—?»

Lemma 11.1. In the spectral sequence
E}*(Gi, §)) = Exti5(Hy(Cp, ® Cy,), D) = Exti!(C, ® Cy;, D)
if a € H*(G, D) with a.{;=a.(j =0, then
dnny—1(e.8i85) = (alli, §).

Proof. Consider the commutative diagram of chain complexes

0 0 0
! ! !

0—»HomkG(P®C(c?°)®C(5°) ,D)[n;+n j]ﬁﬂomkg(mc‘(f)@c‘cj’ ,D)(n ,-]ﬁﬂomkc(mc‘gf)@c(j ,D)[n;]—0
1 & 1

0— HomkG(P®C(c:_’°)®C(5°),D)[n,-] & Homkg(P®C2‘i’°)®C(5°),D) g HomkG(P®C((‘i’°)®C;j,D) -0
La; n; Iz

0—  Homyg(POC; &CS™), D)ini] 4 Homyg(PEC, 8CE™ D) % Homyo(PBC,8C;, D) —0
! ! !
0 0 0

Taking homology, we obtain a mesh of long exact sequences, part of which is
as follows:

— Exttl(k, D) &% 3 Ext!it"1(C,, D) — Extig(k, D) SExt!i(k, D)

g g g |
__’Extn,+n,+a l(k D) (mi)s $Ex tn i+nj+a— l(C( , D)—»Extn’+a(k, D)—>
!
The differential

dnin;—1: Extig(k, D) — Extp 7! (k| D)

is the switchback map in this diagram. By Lemma 3.1, the maps marked {;,
{; are given by multiplication by {;, {;. By the definition of the connecting

homomorphism in cohomology, [m;u;] € Exti*~ '(Cy,, D) has image o = [u]
in Ext{;(k, D). We have

(mi)elalCi, &) = [mi(uinj — ujn; — (—=1)%un;j)]

= [mauim; — (m; 0 &i)uj) = [mwi].¢;

in Ext;,, itnjta-l (C,, D), and so (a|¢;, ¢;) is the image of u under this switch-
back map Note that only one of the terms in the expression for (a|(;, {;)
survives in this calculation; the rest of the terms are to ensure that it is a
cocycle. O
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The next example of a nontrivial differential is given as follows. If o €
H4(G, D) satisfies (a|li, {;) = (a|li, &) = (2|, L) = 0, then there is a
possibility for a nontrivial differential dyyn,+n,—2(a.8;{;8k) . Since (2|, {j) =
0, we may choose a cochain u;; with

duij = uin; — ujn; — (—=1)%uni;.
Now the element
NijMk — MikMj + NjkMi — Nifljk + NjMik — MMij
is a coboundary d7;ji . To see this, note that the complex
HOlleG(P P® P, P)

is exact in positive degrees (the negative homology in degree —n is Extig(k, k)
= H"(G, k)), and that the map sending 7; ® 7; ® 1, to the above element is a
map of degree +1 whose coboundary is zero.

The cochain

UijMie — Wiy + Wil — Willjic + Wi — Wiehij — (= 1)%um;ji

is a cocycle, and we denote by (a|{;, {;, {x) the cohomology class it represents.
In terms of matric Massey products, this is given as follows:

0 -8 ¢ ¢
<a|Ci9Cj)Ck)=<a,(Ci7Cj9Ck), Ck 0 —Ci 5 (C})>
-G G0 \k
The proof of the following is similar to the proof of Lemma 11.1.
Lemma 11.2. In the spectral sequence
qu(Ci 5 Cj 5 Ck) = EXtZG(HQ(CC, ® C(; ® CCk) s D) = EthEq(CCl ® CCJ ® CCk H D)
lfa € H*(G7 D) with <a|Ci, C}) = (a|Cia Ck) = (aICja Ck) =0, then
dn,~+nj+nk—2(a'Zi£j£k) = (O‘lCi s Cj 5 Ck)

The general case of the above construction goes as follows. We define op-
erations (a|(;,, ... , {;) under the conditions that o{; =--- = af; =0, and
all operations (o|---) are zero for --- a proper subsequence of {; , ..., ;.
The operation is described as a matric Massey product (a, M;, ... , M;) where
M,, ... , M, are matrices whose entries are either zero or plus or minus one of
the {;;. The rows and columns of M; (1 <s <t) are indexed by subsets [
and J of {ij,..., i} of sizes s—1 and s respectively. If 1 ¢ J then the
corresponding entry is zero, while if J =7U {i;} then the corresponding entry
is plus or minus {;, . The sign is (—1) to the power of the number of elements
of J which come before i;. It is easy to check that M;M;,; = 0. Since the
chain complex Hom,(P®’, P) is exact in positive degrees, the matric Massey
products of consecutive elements of the list M;, ... , M; vanish. So by the
conditions on «, the matric Massey product (o, M, ... , M;) is defined, and
we write (a|(;,, ... , {;,) for this expression. An argument similar to the proof
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of Lemma 11.1 shows that if a.{j,...{;, livesto Ej*,. ., _,,, then

Aoy poimg—ter (@i o G) = (@lCiy s oo 5 G

An example involving the last survivor described in §7 is as follows. We look
at the spectral sequence

E27 = Ext6(H,y(C), k) = 0

of the double complex Hom, (P ® C, k), where P is a complete resolution of
the trivial module. Let o be a nonzero element of the one dimensional space
H-Y(G, k). Then a.f;...{, (r = r,(G)) transgresses to a nonzero element
in the base E? o (s =3[_, ni) of this spectral sequence, representing the last
survivor:

(@l ..., ¢) € ES;O= HYG, k)/ Ker(e).

A nontrivial example involving elements of positive degree is described in [6].
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